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EXTENDING A THEOREM OF DATKO FOR EVOLUTIONARY FAMILY
TRINH VIET DUOC
Abstract. In this note, we extend a Datko’s result in the paper [3, 1972]. In particular, the
exponential stability of an evolutionary family is characterized by its pointwise trajectories in which
the norm mapping of each pointwise trajectory lies in a Banach function space.
1. Introduction
In this note, X is a real or complex Banach space with a norm ‖ · ‖ and I is either R or R+.
The concept of an evolutionary family arises naturally from the well-posed theory of non-autonomous
abstract differential equations on R or R+, the reader can refer Engel and Nagel [4], Chicone and
Latushkin [1], Pazy [9], Daleckii and Krein [2] on this theme.
Definition 1.1. A family of bounded linear operators (U(t, s))t≥s on a Banach spaceX is an (strongly
continuous, exponentially bounded) evolutionary family on I (that means t, s ∈ I) if
(i) U(t, t) = Id and U(t, r)U(r, s) = U(t, s) for all t ≥ r ≥ s and t, r, s ∈ I.
(ii) The map (t, s) 7→ U(t, s)x is continuous for every x ∈ X .
(iii) There are constans K, c > 0 such that ‖U(t, s)x‖ ≤ Kec(t−s)‖x‖ for all t ≥ s and x ∈ X .
Among the many interesting stable types of evolutionary family, here we interest to exponential
stability because it provides good information that exponential decay of evolutionary family.
Definition 1.2. An evolutionary family (U(t, s))t≥s on I will be called exponentially stable if there
exist constants K1, α > 0 such that ‖U(t, s)x‖ ≤ K1e
−α(t−s)‖x‖ for all x ∈ X and t ≥ s with t, s ∈ I.
By transitive and exponentially bounded properties, the exponential stability and the uniformly
asymptotic stability of an evolutionary family are equivalent together, see [3, Lemma 1]. To study
the exponential stability of an evolutionary family, there are two basic approaches. One is based on
Perron’s method, for instance [7], and the other is based on Datko’s result, e.g. [8]. Because we extend
Datko’s result so it is recalled here for easy tracking and comparison.
Datko Theorem. An evolutionary family (U(t, s))t≥s is exponentially stable on R+ if and only if
for each x ∈ X there exists a constant M(x) > 0 such that∫ ∞
t0
‖U(t, t0)x‖
2dt ≤M(x) for all t0 ≥ 0.
In case the evolutionary family (U(t, s))t≥s≥0 is a strongly continuous semigroup that means
U(t, s) = U(t − s, 0) for t ≥ s ≥ 0 or U(t, s) = T (t − s) with (T (t))t≥0 is a strongly continuous
semigroup, this result was extended by Pazy in [9] for the Lebesgue spaces Lp(R+) with p ∈ [1,∞)
and Neerven in [8]. The Neerven’s result covers a class of function spaces very wide. However, it
only holds on for strongly continuous semigroups and Banach spaces over the complex number field.
In addition, another limitation in Neerven’s result only offers to sufficient condition for exponential
stability of strongly continuous semigroups.
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Follow the second approach in studying the exponential stability of an evolutionary family, our
purpose is generalization of Datko Theorem for evolutionary family on the line or the half-line and a
class of function spaces which is wide enough. To accomplish this task, we introduce the concept of
Banach function space in Subsection 2.1. Although the class of Banach function spaces in this note is
smaller than the class of function spaces in [8] but it is still very large, most of known function spaces
belong to class of Banach function spaces. Using the concept of Banach function space, we get the
expected results which are stated in Subsection 2.2 and are proved in Section 3. Our results hold on
for both Banach spaces over complex and real field.
2. Banach function spaces and main results
2.1. Banach function spaces. In the monograph book [6, Chapter 2], Massera and Scha¨ffer intro-
duced several classes of function spaces that play a fundamental role to study differential equations.
Based on the concepts of function spaces were given by Massera and Scha¨ffer, we have collected some
basic properties to give the notion of Banach function space.
Definition 2.1. Let B be the Borel algebra and let µ be the Lebesgue measure on R. A vector space
E of real-valued measurable functions on R is called a Banach function space if
i. (E, ‖ · ‖E) is a Banach space and ‖ · ‖E guarantees the property: if ϕ2 ∈ E and ϕ1 is real-
valued measurable function such that |ϕ1(t)| ≤ |ϕ2(t)| almost everywhere on R then ϕ1 ∈ E and
‖ϕ1‖E ≤ ‖ϕ2‖E ;
ii. the characteristic function χ[a,b] belongs to E for all [a, b] ⊂ R and inft∈R ‖χ[t,t+1]‖E > 0;
iii. there is a constant M ≥ 1 such that
1
b − a
∫ b
a
|ϕ(t)|dt ≤
M‖ϕ‖E
‖χ[a,b]‖E
for all ϕ ∈ E and [a, b] ⊂ R; (2.1)
iv. the function Λ1ϕ defined by (Λ1ϕ)(t) =
∫ t+1
t
ϕ(τ)dτ belongs to E for each ϕ ∈ E;
v. E is Tτ -invariant and there exists a constant N > 0 such that ‖Tτ‖ ≤ N for all τ ∈ R, where Tτ
is shift operator on E defined by (Tτϕ)(t) = ϕ(t+ τ) for t ∈ R.
Denote by L1,loc(R) space of real-valued locally integrable functions on R. A family of seminorms
defining the topology of L1,loc(R) is given by {pn : n ∈ Z and pn(ϕ) =
∫ n+1
n
|ϕ(t)|dt}. Then, L1,loc(R)
is a Fre´chet space. Therefore, by (2.1) then E →֒ L1,loc(R).
By direct inspection, it easily sees that class of Banach function spaces includes the Lebesgue spaces
Lp(R) with p ∈ [1,∞], the Lorentz spaces Lp,q(R) with p, q ∈ [1,∞], the Orlicz spaces, etc, and the
space
M(R) =
{
ϕ ∈ L1,loc(R) : sup
t∈R
∫ t+1
t
|ϕ(τ)|dτ <∞
}
with the norm ‖ϕ‖M := supt∈R
∫ t+1
t
|ϕ(τ)|dτ . By (2.1) and ii. in Definition 2.1,
‖ϕ‖M ≤
M
inft∈R ‖χ[t,t+1]‖E
‖ϕ‖E (2.2)
for all ϕ ∈ E. Thus, E →֒M(R).
Throughout this note function χD(ϕ)ϕ has the domain R and defines as follows (χD(ϕ)ϕ)(t) = ϕ(t)
if t ∈ D(ϕ) and (χD(ϕ)ϕ)(t) = 0 if otherwise, where D(ϕ) ⊂ R is the domain of the function ϕ.
2.2. Main results. Let (U(t, s))t≥s be an evolutionary family on I. For t0 ∈ I and x ∈ X , put
gt0,x(t) = ‖U(t, t0)x‖ for t ≥ t0.
Because the evolutionary family is strongly continuous so χ[t0,∞)gt0,x is measurable function. Through
the Banach function space, the exponential stability of the evolutionary family will now be character-
ized by its pointwise trajectories. The first we put forward necessary condition.
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Theorem 2.2. Let E be any Banach function space. If (U(t, s))t≥s is exponentially stable on I then
for each x ∈ X function χ[t0,∞)gt0,x belongs to E and there is a constant M(x) > 0 such that
‖χ[t0,∞)gt0,x‖E ≤M(x)
for all t0 ∈ I.
In sufficient condition, we need to add a constraint of Banach function space.
Theorem 2.3. Let E be a Banach function space such that lim
t→+∞
‖χ[0,t]‖E = ∞. If for each x ∈ X
function χ[t0,∞)gt0,x belongs to E and there exists a constant M(x) > 0 such that
‖χ[t0,∞)gt0,x‖E ≤M(x)
for all t0 ∈ I then the evolutionary family (U(t, s))t≥s is exponential stability on I.
The constraint lim
t→+∞
‖χ[0,t]‖E = ∞ is really necessary and not to be missed, moreover it also
appears naturally in the proof of the theorem. Easily see that the Lebesgue spaces Lp(R) with
p ∈ [1,∞) and the Lorentz spaces Lp,q(R) with p ∈ [1,∞), q ∈ [1,∞] satisfy the constraint above. So,
Theorem 2.2 and Theorem 2.3 are an extension for Datko’s result in the paper [3, Theorem 1].
The following corollaries are a minor weakening of Theorem 2.3 for special evolutionary families.
Corollary 2.4. Let E be a Banach function space such that lim
t→+∞
‖χ[0,t]‖E =∞ and (T (t))t≥0 be a
strongly continuous semigroup. If function χ[0,∞)g0,x belongs to E for each x ∈ X then (T (t))t≥0 is
exponentially stable, where g0,x = ‖T (t)x‖ for t ≥ 0.
This corollary is more generalized than Pazy’s result in [9, Chapter 4, Theorem 4.1]. The next is
periodic evolutionary family.
Corollary 2.5. Let E be a Banach function space such that lim
t→+∞
‖χ[0,t]‖E =∞ and (U(t, s))t≥s be
a periodic evolutionary family with period T > 0. If function χ[T,∞)gT,x belongs to E for each x ∈ X
then the evolutionary family (U(t, s))t≥s is exponential stability on I.
Note that evolutionary family (U(t, s))t≥s is periodic with period T > 0 if U(t+T, s+T ) = U(t, s)
for all t ≥ s and t, s ∈ I.
3. Proof of main results
Proof of Theorem 2.2. The first we show e−α|t| ∈ E. Put
v(t) =
∫ t
−∞
e−α(t−τ)χ[0,1](τ)dτ +
∫ ∞
t
e−α(τ−t)χ[0,1](τ)dτ.
Then,
v(t) =


e−αt(eα−1)
α
if t ≥ 1,
eαt(1−e−α)
α
if t ≤ 0,
1−e−αt
α
+ 1−e
−α(1−t)
α
if t ∈ (0, 1).
Therefore, eα|t|v(t) ≥ 1−e
−α
α
for all t ∈ R. On the other hand,
v(t) =
∞∑
k=0
∫ t−k
t−(k+1)
e−α(t−τ)χ[0,1](τ)dτ +
∞∑
k=0
∫ t+k+1
t+k
e−α(τ−t)χ[0,1](τ)dτ
≤
∞∑
k=0
e−αk
∫ t−k
t−(k+1)
χ[0,1](τ)dτ +
∞∑
k=0
e−αk
∫ t+k+1
t+k
χ[0,1](τ)dτ
=
∞∑
k=0
e−αk(T−k−1(Λ1χ[0,1]))(t) +
∞∑
k=0
e−αk(Tk(Λ1χ[0,1]))(t) =: ϕ(t).
4 TRINH VIET DUOC
This implies that
e−α|t| ≤
α
1− e−α
v(t) ≤
α
1− e−α
ϕ(t) for all t ∈ R.
We also have the following estimates.
∞∑
k=0
e−αk‖T−k−1(Λ1χ[0,1])‖E +
∞∑
k=0
e−αk‖Tk(Λ1χ[0,1])‖E ≤
∞∑
k=0
e−αk 2N‖Λ1χ[0,1]‖E
=
2N
1− e−α
‖Λ1χ[0,1]‖E.
So, function series ϕ is absolutely convergent in the Banach function space E. Therefore, ϕ ∈ E and
‖ϕ‖E ≤
2N‖Λ1χ[0,1]‖E
1−e−α . By the item i. in Definition 2.1, we get e
−α|t| ∈ E and
‖e−α|·|‖E ≤
2Nα‖Λ1χ[0,1]‖E
(1 − e−α)2
.
Because (U(t, s))t≥s is exponentially stable on I so
(χ[t0,∞)gt0,x)(t) ≤ K1χ[t0,∞)(t)e
−α(t−t0)‖x‖ ≤ K1‖x‖(T−t0e
−α|·|)(t) (3.1)
for all t ∈ R. By the items i., v. in Definition 2.1 and (3.1), we obtain χ[t0,∞)gt0,x ∈ E and
‖χ[t0,∞)gt0,x‖E ≤
2N2K1α‖Λ1χ[0,1]‖E
(1 − e−α)2
‖x‖
for all t0 ∈ I. 
Proof of Theorem 2.3. For t0 ∈ I and t > t0, for each x ∈ X then mapping ϕx is defined as follows
ϕx(ξ) =
{
‖U(ξ, t0)x‖ if ξ ∈ [t0, t],
0 if ξ /∈ [t0, t].
Then, ϕx ∈ E and
‖ϕx‖E ≤ ‖χ[t0,∞)gt0,x‖E ≤M(x). (3.2)
We now construct a family of functions {Φt,t0} determining by
Φt,t0 : X → R with Φt,t0(x) = ‖ϕx‖E .
Easily see that Φt,t0 is a seminorm on X . On the other hand, we have
ϕx(ξ) ≤ Ke
c(t−t0)χ[t0,t](ξ)‖x‖
for all ξ ∈ R. Thus, Φt,t0(x) ≤ Ke
c(t−t0)‖χ[t0,t]‖E‖x‖. So, Φt,t0 is a continuous seminorm on X .
Moreover, by (3.2) then the family of continuous seminorms {Φt,t0 : t0 ∈ I, t > t0} is pointwise
bounded. Applying uniform boundedness principle (see Appendix), there exists a constant C > 0
such that
Φt,t0(x) ≤ C‖x‖ (3.3)
for all x ∈ X and t0 ∈ I, t > t0.
For ξ ∈ [t0, t], we have
e−c(t−ξ)‖U(t, t0)x‖ = e
−c(t−ξ)‖U(t, ξ)U(ξ, t0)x‖ ≤ K‖U(ξ, t0)x‖.
Therefore,
χ[t0,t](ξ)e
−c(t−ξ)‖U(t, t0)x‖ ≤ Kϕx(ξ)
for all ξ ∈ R. So,
‖χ[t0,t]e
−c(t−·)‖E‖U(t, t0)x‖ ≤ KC‖x‖.
By (2.2),
‖χ[t0,t]e
−c(t−·)‖M‖U(t, t0)x‖ ≤
KCM
infτ∈R ‖χ[τ,τ+1]‖E
‖x‖
for all t0 ∈ I and t > t0.
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For t ≥ t0 + 1, we have
‖χ[t0,t]e
−c(t−·)‖M ≥
∫ t
t−1
e−c(t−ξ)dξ =
1− e−c
c
.
Thus,
‖U(t, t0)x‖ ≤
KCMc
(1− e−c) infτ∈R ‖χ[τ,τ+1]‖E
‖x‖
for all t0 ∈ I and t ≥ t0+1. Because the evolutionary family (U(t, s))t≥s is exponentially bounded so
there exists a constant C1 > 0 such that
‖U(t, t0)x‖ ≤ C1‖x‖
for all x ∈ X and t0 ∈ I, t ≥ t0.
For ξ ∈ [t0, t], we have ‖U(t, t0)x‖ ≤ C1‖U(ξ, t0)x‖. Therefore, χ[t0,t](ξ)‖U(t, t0)x‖ ≤ C1ϕx(ξ) for
all ξ ∈ R. So,
‖χ[t0,t]‖E‖U(t, t0)x‖ ≤ C1C‖x‖
for all t0 ∈ I and t > t0. On the other hand,
χ[0,t−t0](ξ) = χ[t0,t](ξ + t0) = (Tt0χ[t0,t])(ξ).
Therefore, ‖χ[0,t−t0]‖E ≤ N‖χ[t0,t]‖E . So,
‖U(t, t0)x‖ ≤
NC1C
‖χ[0,t−t0]‖E
‖x‖
for all t0 ∈ I and t > t0. Because of lim
t→+∞
‖χ[0,t]‖E = ∞ so the evolutionary family (U(t, s))t≥s is
exponential stability on I. 
Proof of Corollary 2.4. For t0 ∈ R and x ∈ X , we have gt0,x(t) = ‖T (t− t0)x‖ for t ≥ t0. Therefore,
(χ[t0,∞)gt0,x)(t) = (χ[0,∞)g0,x)(t− t0) = (T−t0(χ[0,∞)g0,x))(t)
for t ∈ R. By the item v. in Definition 2.1, we get χ[t0,∞)gt0,x ∈ E and
‖χ[t0,∞)gt0,x‖E ≤ N‖χ[0,∞)g0,x‖E for all t0 ∈ R.
By Theorem 2.3, (T (t))t≥0 is an exponentially stable semigroup. 
Proof of Corollary 2.5. By the periodicity of the evolutionary family (U(t, s))t≥s on I so we just need
to consider t0 ≥ 0. We will repeat manner of the proof in Theorem 2.3 to obtain (3.3) as follows.
The similar discussions, there exists a constant D > 0 such that
Φt,T (x) ≤ D‖x‖
for all x ∈ X and t > T . For t0 ∈ [0, T ) and t ∈ (t0, T ], we have ϕx(ξ) ≤ χ[0,T ](ξ)e
cT ‖x‖ for all ξ ∈ R.
Therefore, ϕx ∈ E and ‖ϕx‖E ≤ e
cT ‖χ[0,T ]‖E‖x‖. For t > T ,
ϕx(ξ) ≤ χ[0,T ](ξ)e
cT ‖x‖+ χ[T,t](ξ)‖U(ξ, T )U(T, t0)x‖
for all ξ ∈ R. Thus, ϕx ∈ E and
‖ϕx‖E ≤ e
cT ‖χ[0,T ]‖E‖x‖+ Φt,T (U(T, t0)x) ≤ e
cT (‖χ[0,T ]‖E +D)‖x‖.
For t0 ≥ T and t > t0, we can write t0 = nT + τ with n ∈ N and τ ∈ [0, T ). Then,
‖U(ξ, t0)x‖ = ‖U(ξ, nT + τ)x‖ = ‖U(ξ − nT, τ)x‖ = ‖U(ξ − t0 + τ, τ)x‖
for ξ ∈ [t0, t]. Put
ψx(ξ) =
{
‖U(ξ, τ)x‖ if ξ ∈ [τ, t− t0 + τ ],
0 if ξ /∈ [τ, t− t0 + τ ].
Then, ϕx(ξ) = (T−t0+τψx)(ξ) for all ξ ∈ R. Because of τ ∈ [0, T ) so ψx ∈ E, hence ϕx ∈ E and
‖ϕx‖E ≤ Ne
cT (‖χ[0,T ]‖E +D)‖x‖.
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So, for all t0 ≥ 0 and t > t0 then ϕx ∈ E and there is a constant M(x) > 0 such that ‖ϕx‖E ≤M(x).
Therefore, there exists a constant C > 0 such that
Φt,t0(x) ≤ C‖x‖
for all x ∈ X and t0 ≥ 0, t > t0. The next step, by the same discussions as in the proof of Theorem
2.3 we deduce that the evolutionary family (U(t, s))t≥s is exponential stability on I. 
Appendix. Let X be a Banach space over the field K (K = R or C). A mapping p : X → R+ is a
seminorm on X if p(θx) = |θ|p(x) and p(x + y) ≤ p(x) + p(y) for all x, y ∈ X and θ ∈ K. As known
that seminorm p is continuous on X if and only if p is continuous at 0. Moreover, if A is a bounded
linear operator on X then pA(x) = ‖Ax‖ for x ∈ X is a continuous seminorm on X .
Let Λ be an index set. A family of continuous seminorms {pλ : λ ∈ Λ} on X is called
• pointwise bounded if for each x ∈ X there exists a constantM(x) > 0 such that pλ(x) ≤M(x)
for all λ ∈ Λ;
• uniformly bounded if there is a constant M > 0 such that pλ(x) ≤ M‖x‖ for all λ ∈ Λ and
x ∈ X .
The similar proof as the uniform boundedness principle for family of bounded linear operators (see
Kreyszig [5]), we get version of uniform boundedness principle for family of continuous seminorms.
Uniform boundedness principle. Let {pλ : λ ∈ Λ} be a family of continuous seminorms on X. If
this family is pointwise bounded then it is also uniformly bounded.
Obviously, this version is more general than the old version in functional analysis.
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